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Abstract 

The aim of this paper is to study the qualitative behaviour of non-negative 
entire solutions of certain differential inequalities involving gradient terms 
on the Heisenberg group. We focus our investigation on the two classes of 
inequalities of the form A'^'u > f{u)l{\\7u\) and A"^!! > f{u)—h{u)g{\\7u\), 
where f,l,h,g are non-negative continuous functions satisfying certain 
monotonicity properties. The operator A**", called the ip-Laplacian, can 
be viewed as a natural generalization of the p-Laplace operator recently 
considered by various authors in this setting. We prove some Liouville 
theorems introducing two new Keller-Osserman type conditions, both ex- 
tending the classical one which appeared long ago in the study of the 
prototype differential inequality Au > f{u) in R™. Furthermore, we 
show sharpness of our conditions when we specialize to the case of the p- 
Laplacian. Needless to say, our results continue to hold, with the obvious 
minor modifications, also in the Euclidean space. 

1 Introduction and main results 

To state our main results we first need to recall some preliminary facts and to 
introduce the notations that we shall use in the sequel. 

Let H™ be the Heisenberg group of dimension 2m + 1, that is, the Lie 
group with underlying manifold lR,^™+^and group structure defined as follows: 
for aU q,q' G q = {z.t) = (xi, . . . , x™, J/i, • . • , ?/m, i), q' = {z' ,t') = 



1 
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A basis for the Lie algebra of left- invariant vector fields on H"^ is given by 
d ^ d d ^ d d 

for j = 1, . . . , m. This basis satisfies Heisenberg's canonical commutation rela- 
tions for position and momentum, 



[x„rfe] = -45,fc^, (2) 



all other commutators being zero. It follows that the vector fields Xj, Yk satisfy 
Hormander's condition, and the Kohn-Spencer Laplacian, defined as 

is hypoelliptic by Hormander's theorem (see [71). 

In H"^ there are a "natural" origin o = (0,0) and a distinguished distance 
function from zero defined, for q = {z,t) G iJ™, by 

r{q)=r{z,t)^{\z\'' + ef" (4) 

(where | • | denotes the Euclidean norm in R^™ ) , which is homogeneous of degree 
1 with respect to the Heisenberg dilations [z^t) H> ((5z,(5^i), (5 > 0. This gives 
rise to a distance on i/™, called the Koranyi distance, and defined by 

d{q,q') = r{q-'oq'), q,q'eH"^. (5) 

We set 

BR{qo) = {qeH"':diq,qo)<R} 

to denote the (open) Koranyi ball of radius R centered at qo- We simply use 

Bfi for balls centered at qo = o. The density function with respect to o is the 

function ^ 

^[q) = ^{z,t)^^^ iorq^{z,t)^o; (6) 
r [z,t) 

note that < V' < 1- For u E C^{H"^), the Heisenberg gradient V^mw is given 
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by 

m 

Vh™ u^Y. iXju)Xj + {Yju)Y, , (7) 

(so that, for / G C^(R), \7jfm f{u) = f {u)y h"^u), and a • product on the span 
of Xj, is defined, for W = w^X^ + w^Yj, Z = z^X^ + PY, by the formula 

■ni 

W -Z wH^ + wJ^'F. (8) 

By definition, |V^fmu|^„ — \J h"^u ■ Vh"^u, and we have the validity of the 
Cauchy-Schwarz inequality 

IVff^it- Vff™w|^,„ < |Vff™M|^„|Vff,.f|^„. (9) 

The distance function r satisfies the following fundamental relations involv- 
ing ip: 

9m -I- 1 

A^,„r= in i/^VIo}, (10) 

r 

|VH..r||,„ ini/™\{o}. (11) 

Recently, some authors (see, for example, [5], g] and [T]) have studied a gener- 
alization of the Kohn Laplacian, defined, for p G [2, -l-oo), by 

rn 

(12) 

which can be considered as a natural p-Laplace operator in the setting of the 
Heisenberg group. 

In this paper we consider a further generalization, which we shall call ip- 
Laplacian, A^„i, defined for u G C^{H™) as follows: 

A^H^u = J2 [^j(|V/f™M|^l^(|VH."^^|H".)^j") +5G(|VH."w|jjl<y3(|Vff..u|H"0>'j' 

(13) 

where ip satisfies the structural conditions 

'^GC"(]R+)nCi(]R+), ^(0) = 0, 
tp' >0 on R+. 

This family of operators, containing the p-Laplacian (obtained with the choice 
(p{t) = tP~^, p > 1), has been recently studied in the context of Riemannian ge- 
ometry (see, for example, [5] for motivations and further references). Although 
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we shall focus our attention on this generalization, the main example we keep 
in mind is the p-Laplacian itself, to which an entire section is devoted. 

The aim of this paper is to study weak (in the sense of Subsection l2.2l below) 
non-negative entire solutions of differential inequalities of the form 

A'fj^u>f{u)mH^u\H,.), (14) 

where / and / satisfy respectively the following conditions: 

/eCO(R+), />Oon]R+; 

• • • + ^ ' 

f is increasing on Rq ; 

/ G C°(IlJ), Z > on ]R+; 
/ is C-monotone non-decreasing on Rq"; 

We recall that I is said to be C-monotone non decreasing on RJ if, for some 
C > 1, 

sup lis) < Cl{t), yt e R+. 

s6[0, t] 

Clearly, if / is monotone non decreasing on R^J", then it is 1-monotone non- 
decreasing on the same set; in fact the above condition allows a controlled 
oscillatory behaviour of I on Rj. To express our next requests, from now on we 
assume that 

^ L\0+)\L\+^), j§=o{l) ast^O+. ($&L) 

Note that often (e.g. in the case of the p-Laplacian) the latter condition directly 
assures integrability at 0+ in the former. We define 

m^r^-^as; (15) 
Jo Ks) 

observe that K : Rq — ^ R^j" is a C^-diffeomorphism with 

thus the existence of the increasing inverse K^^ : Rq RJ". Finally we set 

F(t)= f fis)ds. 
Jo 
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Definition 1.1. The generalized Keller-Osserman condition for inequal- 
ity 

A^„u>/(«)/(|Vh."w|«™) 

is the request: 

Note that, in the case of the p-Laplace operator and / = 1, (|/v Op coincides 
with the well known Keller-Osserman condition for the p-Laplacian, that is, 

In order to deal with the presence of the density function tp in the version of 
our inequalities that we shall describe below, we need to assume two "relaxed 
homogeneity" requests on ip' and I: 

sif'ist) < Ds^ip'{t), V s e [0, 1], t e R+, ($2) 

s^+''l(t) < Al{st), V s G [0,1], t e ]Rt[, (L2) 



for some positive constants Z?, A > and r > 0. We stress that (|L2p is a mild 
requirement: for example, it is satisfied by every l(t) of the form 



N 



l{t) = Ckf" , e IN, Cfc > 0, -oo < i/fe < 1 + r for every k. 



k=0 

Indeed, since s < 1 we have 

N N 

l{st) ^J2Cks'"'f"' > ^ Cfcs^+^i'^''- = s^+U{t). 

k=a k=0 

Note also that, if (jL2p is true for some Tq, then it also holds for every r > Tq. 
This is interesting in the case of the p-Laplacian, which trivially satisfies (|$2p for 
every 0<T<p— 1. In this case the choice r = p — 1 is the least demanding on 
l{t). We also observe that the coupling of (l<I>2p and (j_L2p does not automatically 
imply the integrability at 0+ in (1$ &: Xp . For instance if (p{t) = and l{t) = 
r+\ then (US) and (EH) are satisfied, but ^ L\0+). 

We shall prove the following Liouville-type result: 

Theorem 1.1. Let (p, /, I satisfy ([$]), dH) and (j$ fc £p . Suppose also 

the validity of the relaxed homogeneity conditions (j<I>2l) , (j£2l) . // the generalized 
Keller-Osserman condition ^KO\ holds, then every solution < w £ C^{H'"^) 
of 

A^„u > /(u)/(|Vff™M|^„) on H"" (16) 
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is constant. Moreover, if 1(0) > 0, then u — 0. 

The proof is achieved through the construction of a "radial" supersolution 
V of (|16p (see the next section for the precise definition) on an annular region 
BT\Btg, < to < T, which is small near dBtg and blows up at OBt- A careful 
comparison between u and v allows us to conclude that u must necessarily be 
constant. As opposed to Osserman's approach (see [5]), in order to construct 
the supersolution we have not tried to solve the radialization of (IT5|) . since the 
presence of the gradient term may cause different behaviours near the first sin- 
gular time. Roughly speaking, even if we could prove the local existence of a 
radial solution in a neighborhood of zero (which is not immediate due to the 
singularity of 1/r and possibly of (p' in 0), we cannot be sure that, in case the 
interval of definition is [0,T), T < +oo, the solution blows up at time T: a 
priori, it may even happen that the solution remains bounded, but the first 
derivative blows up, giving rise to some sort of cusp. The necessity of excluding 
this case led us to a different approach: a blowing-up supersolution is explicitly 
constructed, exploiting directly the Keller-Osserman condition. Beside being 
elementary, this alternative method also reveals the reason why [KO) is indeed 
natural as an optimal condition for the existence or non-existence of solutions. 

As it will become apparent from the proof of Theorem 11.11 below, the result 
can be restated on the Euclidean space R™ getting rid of request (l$2|) and (L2), 
which are related to the density function ip. Indeed we have 

Theorem 1.2. Let (p, /, I satisfy (O, dU, (j^ fc L}i and the generalized 
Keller-Osserman condition \K0\\ . Let u G C^(R™) he a non-negative solution 
of 

A^„u = div (|VwrV(|Vu|)Vu) > f{u)l{\Vu\) on R™. (17) 

Then u is constant. Moreover, if 1(0) > 0, then u = 0. 

To show the sharpness of ^KO^ . we produce a global unbounded subsolution 
of (|T4t when (ji^Op is violated. For simplicity we only deal with the case of the 
p-Laplacian and we prove the following: 

Theorem 1.3. Assume the validity of (F\ and ^Q. Suppose that 

^ = o(l) as t^0+ , l{t) <Bi+ Bai^ V t e Rj, (p & L) 
l{t) 

where Bi, B2 > and < /n < 1. Assume also the relaxed homogeneity condi- 
tion 

l{t)sP < A l{st) V s e [0, 1], te R([. (L2p) 
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Then the following conditions are equivalent: 

i) there exists a non-negative, non-constant solution u G C^{H™') of inequal- 
ity A^,„M>/(M)?(|VH"ii|^„); 

As for Theorem 1 1.11 we can state the analogous resuh in Euchdean setting: 



in this latter case, assumption (L2p ) is unnecessary. We would like to stress that 
the subsolution constructed to prove the necessity part of the Keller-Osserman 
condition is unbounded. This fact is not accidental: indeed, in Section [5] we 
shall prove that, under all the assumptions of Theorem 1 1.1 1 but \KOl . bounded 
subsolutions still have to be constant. 

In the last part of the paper we show how the techniques introduced can be 
implemented to study differential inequalities of the form 

A^,„u > f{u) - h{u)g{\VH^u\Hr.), (18) 

where the functions appearing in the RHS of the above are non-negative. The 
main results obtained are Theorem 16.31 that is, triviality of the solutions in the 
general setting under an appropriate Keller-Osserman condition, and Theorem 
16.61 for the p-Laplace operator, where we show the sharpness of the condition in 
analogy with Theorem [O] Details appear in Section [B] below. 



2 Preliminaries 

The aim of this section is to introduce an explicit formula for the (/?-Laplacian 
acting on radial functions and the appropriate notion of weak solution of differ- 
ential inequalities of the type of (HH) or, more generally, p^ . 

2.1 "Radialization" of the (/^-Laplacian 

Consider a radial function, that is, a function of the form 



u{q)^a{r{q)), q E , (19) 

where a : R([ ^ R, a e C2(R+). 

Now, a straightforward but somewhat lengthy computation yields the ex- 
pression: 



ipip' (\a' {r)\^y^^a" (r) H — — sgn Q!'(r) (p(^\a {r)\^/^pj 



(20) 
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It is worth to stress the fohowing property, which allows us to shift the origin 
for the Koranyi distance from o to any other point qg: if we denote with f(q) — 
d{qo: q) = filo^ ° 9)1 8- calculation shows that 

[X,(f)](q) ^ [X,ir)]iq,'oq), K-(f)](q) = [Y,{r)]iq,' o q), 

hence we obtain the invariance with respect to the left multiplication 

(a o f){q) = A^„(a o r){q^^ o q). (21) 

The above relation will come in handy in what follows. 

2.2 Weak formulation 

In this section we derive a weak formulation for the differential inequality (I14|) . 
In order to simplify the notation, let us first introduce the function 

A{t) = t-^fit), A{t) e C"(]R+). (22) 

With the help of the matrix B ~ B{q) (see [J, pg. 294), defined by 



B{q) = B[z,t) 









22/1 












l2m 












-2x1 








—'2Xf,i 


2yi ■ 


■ 2ym -2x1 ■ • 




4|z|^ 



we can write the (^-Laplacian in divergence form. Indeed, indicating from now on 
with div, V and ( , ) respectively the ordinary Euclidean divergence, gradient 
and scalar product in 11^™+^, given u e C^{H™) we have 

^l^u=Y,[X,{A{\VHr^u\„^)X,u)+Y,{A{\VHr^u\^..)Y,u)] = 
3 

= [A{\VHr^u\^,^ )X, {X,u) + X, {A{ I Vh^u\^,. ))X,u+ 



+ A{\VH^.MH-)YAYj^) + YAA{\yH^MH-))Yju] = 
=^(|Vi^.^^^|^,„) div(BVu) + Vh™A(|Vh™u|^„0 • Vi/™u, 
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where with BVv we mean the vector in 11^™+-'^ whose components in the stan- 
dard basis , , ^ are given by the matrix muhiphcation of B with the 
components of Vw in the same basis. Having made this precise, it is easy to see 
that BVv = Vh^v. Now, a standard check shows that, for u,w e C^(-ff"'), 

(Vw, BVv) = Vh^-u • Vh^w. (23) 

Then, going back to the previous computation we have 

A^„u = A(|VH™u|^„,)div(BVu) + (VA(|Vff^^u|^„),BVu) = 
-div (A(|Vh™u|^,„)SVu), 

which is the desired expression. Note that, when Lp(t) = t, the above becomes 
the well-known formula (see, e.g., [B] and [3]) for the Kohn-Spencer Laplacian, 
that is, A^„u = div(BVw). It follows that (HH) can be interpreted in the weak 
sense as follows: for all ^ e C^{H"'^), C 0, we have 

/ CA^H^u= f CdW{A{\VH'^.u\H,.)BVu) = 

= -/ A{\Vh^u\^,^){BVu,VO^ 
= - / A{\VH^.u\^^)VH^^u ■ Vh^C, 

and thus the weak form is 

-/ Ai\yH^,.u\j,„,)yH^,.U-VH'^C> f fiu)l{\VH^u\H,.)C (24) 

as expected. Hence, an entire weak classical solution of (jl4p is a function 
u G C^iH"^) such that, for aU C e C(f'(i7™),C > 0, dH]) is satisfied. A similar 
definition of course holds for the differential inequality (fT8)) . 

3 Proof of Theorem 11.11 

In order to prove Theorem 11.11 we shall need a comparison theorem and a max- 
imum principle which are well-known for the Kohn-Spencer Laplacian (see [5]). 
Here we briefly prove the corresponding statements for the (^-Laplacian that we 
shall use below, basing on ideas taken from [10] and [11]. Throughout Subsec- 
tions [32] a-nd [211] we shall assume (d]) and (|$2]) . 
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3.1 Comparison principle 

Proposition 3.1. Let fl CC -ff™ be a relatively compact domain with bound- 
ary. Let u,v e C°(n) n C^(ri) satisfy 

f A^,„u > A^,„t) onfl 

) H - H ^25) 
I u < f on 9ri. 

Then u < v on fl. 

Proof. The proof basically follows the one in pp. 85-86. However, we repro- 
duce the steps for the sake of completeness. Let w — v ~ u. By contradiction 
assume that there exists q Q such that wlq) < 0, and let e > be such that 
w{q) + e < 0. The function We — min{w + e, 0} has compact support in Q, hence 
—We > is an admissible Lipschitz test function. The weak definition of ^S^, 
together with the divergence form of A^,„ , reads: 

(26) 

where E = {q : w{q) < —e}. We denote with h the integrand in ((26)) . With the 
aid of the Cauchy-Schwarz inequality we have 

h > MVw^^vIh^) ~ ^{\Vh'^u\j,^)]{\Vh^.v\h^ - \Vh'^u\h^) > 0, (27) 

where the latter inequality is due to the monotonicity of tp. 

It follows from ^ and (gT]) that > J^h>0, hence h = a.e. on fl. 

This implies that |Vifmw|^„ — |V/fmu|^™ on E, and therefore 

0=h=\\/H^.u\-l^{\VH^u\H^){BV{v-u),V{v-u)) = 
= |Vh™m|^1^(|Vh™u|^„)|V(« - u)\l^. 

This shows that 

\V{w,)\l^=0, (28) 

whence is constant. Indeed, from (pS)) we have Xj{we) = Yj{we) = for 
every j — 1 . . .to, and using the commutation law ([2]) we also have dw^/dt — 
0; recalling the definition of Xj and Yj , all the components of the Euclidean 
gradient of We vanish, proving the constancy of w^. Since We(q) < = "i^eian 
we reach the desired contradiction. □ 
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3.2 Maximum principle 

Proposition 3.2. Let ft C H"^ be a domain. Let u G C^(Ji) n C^(ri) satisfy 

A^„u>0 mO. (29) 

and let u* = supu. If u{qM) = u* for some G then u = u* . 
n 

Proof. By contradiction, suppose the existence of a solution u of and of 
(7a/ G such that u{qM) = u* , but w ^ u*. Set F = {(7 e il : ^(g) = u*}. Let 
(5 > and define 

n+ ^ [q^n-.u* - 5 <u{q) <u*}] T s = [q £ n : u{q) = u* ~ 5}: (30) 

note that 90+ n = T U r^. Let g' G f7+ be such that 

d{q', T) < d{q', Ts), d{q' , T) < d{q' , On) (31) 

(this is possible up to choosing q' sufficiently close to (/m)- Let Bii{q') be the 
largest Koranyi ball centered at q' and contained in . Then, by construction 
u < u* in BR{q') while u{qQ) ~ u* for some go G dBii(q'). Since qo is an absolute 
maximum for u in Q, we have Vu(go) = 0. 

Now we construct an auxiliary function. Towards this aim, we consider the 
annular region 

ER{q')^B^\Bn/^{q')cn+; (32) 
we fix a G {u* — 5,u*) to be determined later and consider the following problem 

[ifiiz')]' + 2Hi+i^(z') < in {R/2, R) 
z{R/2) = a, z{R) = u* (33) 
u*-S<z<u*, z'>0 m[R/2,R]. 

Notice that, for example, the function 



z{t)= f ^-i(^)d,s + a (34) 



satisfies for some suitable constant c. 

Using the invariance property (I^IT) . such a function gives rise to a C^-solution 

v{q) — z{f{q)), where f{q) — r{q'^^ o q), of 

' A;^„,i;<0 inERiq') 
v^a on dBjj/2{q'), v ^ u* on dBB.{q') (35) 
u* — S < V < u* . 
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Indeed by hypothesis (|$2p we have 



A^„« < D[^y^'^^[^iz')]' + < 0. (36) 

It is important to point out that there exists a positive constant A > such that 

(Vw, Vf) = z'(f)|Vf|^ > A > on dEjiiq')- (37) 

this follows since f differs from r by a translation of the Hcisenberg group (that 
is, a diffeomorphism) , and |Vr|^ = + only vanishes at the origin o. 

Next we choose a G {u* — S, u*) close enough to u* so that m < w on dBf;/2{q'): 
this is possible since dB^/2{Q') CC and thus msyiQBn/^iq')'^ ""*■ No'^ 
M,u G C°{Eii{q')) n C'^{ER{q')) and, since i; = m* on dBji{q'), they satisfy 

A^,„z.>A^„z; oni?«(g') ^^^^ 
u < w on dEii[q'). 

Then by Proposition 13.11 we have m < on Epi{q'). 

Let us consider the function v — u: it satisfies u — m > on Efi{q') and w((j'o) ~ 
-u(go) = - u* = 0, so that (V(-y - u), Vf)(go) < 0. Therefore 

= (Vw, Vf)(go) > (Vi;, Vf)(go) > 0, (39) 

a contradiction. □ 

Remark 3.3. Obviously, one can state an analogous minimum principle using 
the substitution v{q) — —u{q); however, a direct proof of the minimum principle 
following the above steps reveals some further difficulties due to the density 
function, which is not bounded from below away from zero. 

3.3 Construction of the supersolution 



In order to construct the radial supersolution for (jl4p we point out the validity 
of the next technical Lemma. We refer to the Introduction for notations and 
properties. 

Lemma 3.4. Let a G (0,1]; then the generalized Keller- Osserman condition 
(|FO)) impl les 

^ €L\+oo). (40) 



K-\aF{t)) 
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Proof. We perform the change of variables t — sa to have 



+00 



ds 



+ 00 



dt 



K~^{aF{s)) " J K-^{aF{(j-H))' 
Since / and K'^ are increasing by assumption, we get 

F{a-h) = r * f{z) dz = f f{a-'0 > f fiO = <^-'m 
Jo Jo Jo 



and 



thus 



K'\aF{<j-H)) > K-\F{t)), 



+ 00 



ds 



K-^{aF{s)) 



< cr" 



+00 



dt 



K-HFit)) 



< +00. 



(41) 
□ 



Here is the construction of the supersolution. 



Lemma 3.5. Suppose the validity of (O, (|<i> fc Lp and of the Keller- 
Osserman \KO\ . Fix < e < t] and < tg < ti. Then, for every B > there 
exist T > ti and a strictly increasing, convex function 



satisfying 



a : [to,T) [e,+oo) 



^^^a')y + ^^{a')<Bf{a)l{a'); 



(42) 



a{to) = e, a{ti) < rj; 
a{t) t +00 ast-^T^ . 

Proof. Consider cr G (0,1] to be determined later and choose T^r > to such that 

'•+°° ds 



Ta ~ to — 



K-^aF{s))' 



Note that the RHS is well defined by Lemma lH^ and. since it diverges as cr ^> 0+, 
up to choosing a sufficiently small we can shift Tg- in such a way that To- > ti. 
We implicitly define the C^-function a{t) by requiring 



T^-t- 



ds 



on [to,T^). 



K-^aFis)) 

We observe that, by construction, a{to) — e and, since K > 0, a{t) t +00 as 
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t ^ Tcr. A first differentiation yields 



K-^{aF{a)) 



= 1, 



fiance a is monotone increasing and aF{a) ~ K{a'). Differentiating once more 
we deduce 

crf(a)a = K (a )a = a . 

Canceliing a' tliroughout we obtain 

[^{a')]' = ^'{a')a" = af{a)l{a'); 
ttius, integrating on [to,t], 

V{a'{t)) = (^(a'(io)) + / f{a{s))l{a'{s)) As. 



Using and we deduce the foilowing chain of inequalities: 
, , 2to + 1 



2to+ 1 



2to+ 1 



= af{a)l{a') + ^—^{a'{to)) + ——a / f {a{s))l{a' {s)) As = 



t 



t 



2m + 1 ^{a'ito)) 2m + lcr Jlfia{s))l{a'{s))As 



< 



that is, 



t fiamia'it)) t f{a{t))l{a'{t)) 

2m + 1 ip{a'{to)) 2m + laf{a{t))l{a'{t)){t -to) 



t f{a{to))l{a'{to)) t f{a(t))l(a'{t)) 



}{am{a'{t)) < 
f{a{t))l{a\t)), 



2m + 1 (pja'ito)) 
to fHtoWa'ito)) 



+ 2(m + 1)(T 



f{a{tma'{t)). 
(43 ) 

Since K{Q) = 0, a'(to) = K-^{aF{e)) -> as cr ^ 0, and using (|$ &: L\ . 
choosing a smaif enough we can estimate the whoie square bracket with B to 
show the validity of the first of (H^ . 

It remains to prove that, possibly with a further reduction of cr, a{ti) < rj. From 
the trivial identity 



f + 00 



As 



K-^aF{s)) 



+ 00 



As 



K-^{(jF{s)) 



+ {to-ti) 
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we deduce 



a(ti) 



ds 



It suffices to choose a such that JJ' j^;-i(jV(s)) ^i~^o; then obviously a(ii) < ry. 
This completes the proof of the Lemma. □ 

3.4 Last step of the proof 

We denote with u* = supu and we first suppose that u* < +oo. We reason by 
contradiction and assume u ^ u*; by Proposition 13.21 u < u* on Choose 
To > and define 

Uq = sup u <u* . 

Fix rj > sufficiently small such that u* — Uq > 2?^, and choose q £ H"^\Brg 
such that u{q) > u* — rj. 

We then define r — r{q) and we construct the radial function v{q) = a{r(q)) on 
BxXBro, with a and T > r as in Lemma [3.51 B — 1/{AD), and satisfying the 
further requirement: 

e < V < rj on Br\Br„- 

We observe that u is a supersolution for ((Ti)) . Towards this aim, first we note 
that by integration, ([$|) and s £ [0, 1], (|$2p implies the inequality 



if{st) < Ds''(p{t), i e 1R+, s e [0, 1]. 



(44) 



Next, considering the radial expression (j20p . using (Q, (j<l>2|) . (^1)) and Lemma 
we have 



Moreover 



and, on dBr 



1+r 



D 



^'{a'{r))a"{r) + 



r 

2m + 1 



< 



(^(a'(r)) 



< 



1+r 



— /(a(r))/(a'(r)) 



< 



< f{a{r))l{a'{r)^) = /(a(r))Z(|V^™a(r)|^„). 

— v^q) >u*'-r] — r] = u* — 2r], 
u{q) — v{q) < Uq — e < u* — 2ri ~ e. 
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Thus, considering the difference u — v on the annular region BxXBrg, since by 
construction 

u{q) — v{q) — cxD as r{q) — > T, 

it follows that u ~ v attains a positive maximum /i in BT\Br„. Let be a 
connected component of 

{q £ BrXBra ■■ u{q) - v{q) = ^}. 

Let £,€T^ and note that u{i) > v{i) and |Vh-,>u(OIh" = |Vh™w($)|^,„. As a 
consequence, since / is strictly increasing, 

Kr^uiO > fiMOm^H^MOlHrr^) > f (0)1 {\^ H M0\ H > ■ 

By continuity, there exists an open set V D T^^ such that 

A^„u>A^„i; onK (45) 

Fix now ^ G and a parameter < p < ^i; let ft^ p be the connected component 
containing ^ of the set 

{q G BT\^ro : u{q) > v{q) + p} . 

We observe that ^ G i^^.p for every p and that f^^.p is a nested sequence as 
p converges to p. We claim that if p is close to p, then ^^.p C This 
can be shown by a compactness argument such as the following: since F^ is 
closed and bounded, there exists e > such that d^V^^Tp) > e. Suppose, by 
contradiction, that there exist sequences p„ t M ^^.d {(/„} such that qn G f^j.p^ 
and d(g„,Fp) > e. Then, we can assume that the sequence is contained in 
fij^po which, by construction, has compact closure; passing to a subsequence 
converging to some q, we have by continuity 

d(g,Fp)>e, (46) 

but, on the other hand, {u — v){q) — lini„(u — «)((?«) > lini„ Pn — fJ', hence 
g G F^ and this contradicts (^S)). Therefore, d(9rij,p,Fp) — > as p — > /Lt, and 
the claim is proved. 

On dfl^^p we have u{q) = ^(g) + p; since v{q) + p solves 

(v + p)^ Afj^v < fiv)li\\7H^.v\^,^) < fiv + p)1{\\7h^. {v + p)|^„). 
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by Proposition 13. 11 

u{q) < v{q) + p. 

But u(^) = v{^) + II and ^ G ^{.pi 8- contradiction. The case u* = +oo is 
easier and can be treated analogously. This shows that u = c, where c is a 
non- negative constant; in case Z(0) > we have = A^,„c > f{c)l{0). This 
implies /(c) = 0, hence c = 0. 



4 Proof of Theorem 11.3 



This section is devoted to proving the result stated in Theoreni ll.3l first of all we 
observe that the sufficiency of the Keller-Osserman condition, i.e. implication 



a) i), follows from Theorem ll.il In particular, it is easy to see that (p Sz L) 



implies (I<1> fc Lp and that (L2p) implies (jL2|) . This latter follows since 



satisfies (j'l>2l) for every < r < p — 1 (as we have already pointed out), and t — 
p — 1 is the best choice. Our aim is therefore to provide existence of unbounded 
C^-solutions of inequality (jl6p under the assumption that (jJCOp is not satisfied; 
this will be achieved through a careful pasting of two subsolutions defined on 
complementary sets. First, we deal with "radio/ stationary functions''^ that is, 
functions of the form 



v[q)=w{\z\), q={z,t)eH"', 

where w : M.^ — ^ R, w G C^{M,q ). Performing computations very similar to 
those in Subsection 12.11 we obtain the following identities: 

I,-, I II , A II 2m — 1 

\Vh^\z\\h,^ = 1, Ah^\z\^—^, 

and thus the expression of the (/s-Laplacian for a radial stationary function is 

9m — 1 

A%^v = ^'{\w'{\z\)\)w"{\z\) + sgn{w'{\z\)M\w'{\z\)\). (47) 

This shows that radial stationary functions in the Heisenberg group behave as 
Euclidean radial ones, and this fact allows us to avoid dealing with the density 
function. 

Now let £ > and a > 1 to be determined later and define Wa{t) implicitly by 
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The existence of Wa on all Rq" is ensured by the negation of the Keller-Osserman 
condition, through the reversing of Lemma 13.41 Observe that Wa- (0) = e and 



since ip' (w' {\z\))w" {\z\) = (Tf{w{\z\))l{w'{\z\)) and cp is non-negative. Unfor- 
tunately, U2 is only Lipschitz on the line \z\ — 0. One might get rid of this 
problem modifying the base point of the integral (|48p . that is, substituting e 
with 0, but then one should require l/K~^{aF{s)) S L^(0"'"), an assumption 
which we want to avoid. Therefore we solve the problem by using a gluing tech- 
nique and pasting together a subsolution defined on |z| < to- and a modification 
of U2 on |2:| > to-. 

First of all we consider the Cauchy problem 



with O a constant to be determined later. This problem has the solution a £ 



(F(e)) > on Define 




so that Wa{ta) ~ 2e. 

The function U2{z,t) — Wa{\z\) is for \z\ > to- and satisfies 





note that a'{t) > when t > 0. Choosing 9 = "y^j '^e have 




and if we fix an e > so that K 



{F{e)) > 1, we also have that 



a'{t, 11 



< 1. 



(49) 



w'M K-^aF{e)) " K-^F{e)) 



Furthermore, noting that to —> as cr —!> +oo, up to choosing a sufficiently 
large, we have 

a{t,) < e, (50) 
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and since 9 = — +oo as cr ^> +oo, we can choose a large enough so that 

f{a{t))l{a'{t)) <e Vte[0,M. (51) 

This last condition implies that the composition ui(z,t) — a{\z\), which is 
even at jz] = 0, satisfies 

A^™wi >/(ui)Z(|Vh-,.ui|^„) on St,. (52) 

Now we need to glue the solutions ui and U2 together, and to this end we define 
a real C^-function ja- : [wa-{ta) , +oo) [a{ta-), +oo) such that 

1 AMU)) ^ ait,), o<7;<i, iUwAta))^^rj^, i':>o (53) 



Using (l49l) and ([50|) . it is not hard to see that the above conditions are not 
contradictory: in particular from a{ta-) < e — Wa-{0) < Waita) and a'itfj) < 
w'^{ta-), we see that the requests involving 7^(i) are indeed compatible, and it 
also holds 

-fa{t)<t on K(i^),+cx3). (54) 
Next, we consider the following function, depending on the parameter a: 

j uiiz,t) ^ ai\z\) if |z|e[0,t,] 

u(z, t) — \ (55) 

t {ja OU2){z,t) = {ja °w){\z\) if \z\ e[ta, +Oo) 

Note that, by construction, u has global C^-regularity even on the cylinder 
\z\ = ta- It remains to prove that, up to choosing a large enough, it is a 
subsolution of on the whole H"\ By ([FT]) , we only need to check this for 
^1 > i(T, but unfortunately, in order to treat this case, we need to assume some 
homogeneity conditions which would give a structure very similar to the one 
of the p-Laplacian. Therefore, it is more enlightening to treat directly the p- 
Laplacian case, where things get simpler. A computation that uses ([5^ . (IM]) . 
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the C-monotonicity of I and the monotonicity of / shows that 

> (7;)p"'(iVff™u2i?^;'Aff„.u2 + {p- 2)|Vff,.u2i?r"?VH..M2 • vh..|Vh™7/2|h. 
= (7;)p-iA^„j.2 > (7;rv/(i.2)z(iv^,.«2i«„o > 



1 V-'a 



,/i-i(CTF(2e))y 

The proof is now complete provided we show that 

a 

> +00 as CT +00 



(56) 



Using the definition of K and the growth condition ( L2p I we deduce 



* sP-i , , , /■* sP-i 



K{t) = {p~l) ds>{p-l) d,s X t^-^ as 

Hence, for some positive constant C we get 

It foUows that, since < 1, 

(T cr 

> — — i > +00 as a ^ +CXD. 



[if-i(^^(2e)r-^ - C{s)ai 
Up to choosing a sufficiently large we can deduce from ([5^ 

AP^„u>/(u)/(|Vh™w|^„.) on|z|>i, 

and we have the desired conclusion. To end the proof of the theorem, we note 
that the regularity of u on the cylinder \z\ = and at the origin o makes it 
necessary to proceed with the weak formulation. Nevertheless, this is a standard 
matter because of the continuity of Vh^u: however, for the sake of complete- 
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ness, let ^ € C^{H"^) and define 

V = {9 = e if" : |z| < t,} n supp(0, 
W = {g = e i?" : |z| > t^} n supp(0, 

r = {q = (z, t)eH^: \z\ = t,} n supp(0. 

Through a suitable partition of unity, we can find ^1,^2 & C^{H™) such that 
C = 6 + 6 and 

supp(Ci) C {{z,t) G i?™ : |z| < t4, suppfe) C {(z,i) G i?™ : |z| > ^}. 



Because of linearity, it is sufficient to show inequality (jl6p for ^1 and ^2- For ^1 
the weak formulation of (1161) is immediate: indeed, on supp(^i), u = ui which 
solves (|5^ weakly. Hence, we only need to consider ^ = ^2- Using the weak 
formulation (|24p . the definition of u on V, W, and remembering that 

{i) ui,U2 are pointwise subsolutions on V\{|z| = 0}, W respectively, with 
non- vanishing gradient, 

{ii) ^ = in a neighborhood of {|z| = 0}, 

we deduce, denoting with and vy^ the (Euclidean) normals to dV and 9W: 

/ \VH-^u\^H^{BVu,Vi) = / \VH-^uifH^{BVui,V£) + 

Jw JdV JV 

Jw Jw 
Using 7" > and the divergence theorem for the third addendum, we obtain 

J_ff™ JdV Jv 

+ f ivH".(7.o^2)i?r™'(i?v(7.o«2),^w)e- / (7;r'A^„«2e 

JdW Jw 

Note that the only possibly non- null part of the boundary integrals is along F, 
for which — —vw- Since u is on F, the boundary terms cancel and, by 
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(i), (a) together with the final estimates of we get 

/ |VH™ii|^-?(i?Vu,VC) < - f fiu,)l{\VH^.u,\^^)^- 



Therefore u is a weak subsolution, and the proof is complete. 



5 Non-existence of bounded solutions 

The aim of this section is to show that the differential inequality (jl6p admits 
no non-constant, non-negative bounded solutions in general, that is, even if the 
Keller-Osserman condition is not satisfied. 

Theorem 5.1. Lettp,f,l satisfy (|$ fc L\ . ([$2t and jTl]). Then 

every non-negative bounded -solution u of 

A'^^u> f{u)l{\VH^^u\^^) on H"" (57) 

is constant; moreover, if 1(0) > 0, then u = 0. 

Proof. Let u be a non-negative bounded solution of ([57]) and let u* = supjif™ u. 
We follow the same steps of the proofs of Lemma 13.51 and Theorem 11.11 and 
define a radial supersolution v{q) — a{r{q)), where a : [ro, T^r) is defined 

by 

T t^ r 

with A any constant greater than u*. Note that, as before, a(ro) — e,a(r) < 77 
and a'{t) > on [ro,T^), while a{T„) = A. 

Now choose as in Section 13.41 and consider the difference m — t; in the 
annular region BT^\Br„', note that, on dBrg, u — v<u* — 2ri — e, there exists q 
such that u{q) — v(q) > u* — 2?7, and, on 9-Bt„ ,u~v<u*^A<Q. Thus u — v 
attains a positive maximum ji at some point of Bt^ \Bro ■ 

Hereafter, the proof proceeds exactly as that of Theorem ll.il so we omit the 
details. □ 



6 More differential inequalities 

The aim of this section is to show that the method used so far allows us to 
treat some other cases; in particular, we focus our attention on the differential 
inequality (IT5|) . that is, 
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A'fj^u> f{u) - h{u)g{\VH'^u\H^). 

As a matter of fact, the most interesting case arises when h > and g > 0, 
that is, when we have the action of two opposite terms and when the standard 
comparison arguments do not apply. Indeed, as we shaU see, in the generahzed 
Keher-Osserman condition the terms h and / play very different roles. 

6.1 Basic assumptions and a new adapted Keller-Osserman 
condition 

We collect the following further set of hypotheses: 
h e C°(R+), h{t) > on R+, h e L^(0+), h monotone non-increasing; (H) 

t^'it) e L\o+y, m 

3B>0,ee (-00,2) : ip'{ts) > Bip'{t)s~^ \ft e ]R+,Vs £ [l,+oo). ($3) 
Integrating, it is easy to deduce that the following condition is implied by (|<I>3p : 

ip(ts) > BLp{t)s^-'' \ft e ]R+,Vs e [l,+oo), (58) 

Note that ip{t) = f'-'^^p > 1 satisfies (HI]) with B = l, 2-p<e<2. Again, 
by way of example, if 

/■* ds 

where P{s) is a polynomial with degree at most 9, non-negative coefficients and 
such that P'{0) > 0, then ip satisfies (j<I>3l) . We would also like to stress that 
conditions (j'I>3l) and (j'I>2[) are compatible, as it is apparent, for instance, for the 
p-Laplacian . 

As in the previous theorems, the necessity of dealing with the density function 
leads us to require a relaxed homogeneity also on g, as expressed by the following 
inequality: 

g{st) < Ds^+H^<p'{t) Vs G [0, 1], t e ]R+ (G) 

where r is as in (|<I>2p and _D is a positive constant; this bound on g is also due to 
a structural constraint which comes from the construction of the supersolution. 
Unfortunately, for the p-Laplacian this turns out to be quite restrictive. For 
example, if g{t) — Df^, for some < and some constant D > 0, it is not hard 
to see that ([G]) holds if and only if v = p. However, since is an inequality, 
solving for this g will solve for any other smaller g. 

We now examine the steps leading to the definition of the Keller-Osserman 
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condition adapted to inequality ([T^ . Setting t = 1 in (|<&3p we have 



and since ip'{l) > we deduce, integrating and using 9 < 2, 

tip'{t) (^L^{+oo). 

In the present case, I = 1 and the definition of K given in P3|) becomes 

K(t) = / V(s)ds. 



It follows that (j'&Sp with 6* < 2 implies that if is a C-'^-diffeomorphisni from 
onto itself. From (|<1>3P we also have, for s G R"*", y G [1, +00), 



so that 



Jo Jo 



Kity) > By^-^K{t) Vt £ R+, Vt/ £ [1, +00). 



Next, we define 



For s G R+ we let 



F{t) = / /(s)e(2-«)/o ''(^)d^ds. 
Jo 



t = K-^[aF{s) 
Since is non-decreasing we get 



4 — 4 > 1 



if 



and applying inequality ((59|) we deduce 



if-i (7F(s) 



(59) 



Hence we obtain 



n Q 
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Since < 2 this can be written as 

In conclusion, the foUowing inequaUty holds: 

ds < ( ^ ) / ^ ds. (62) 



We are now ready to introduce the further generalized Keller-Osserman condi- 
tion in the form 

Definition 6.1. The generalized Keller-Osserman condition for inequal- 
ity 

K^u> f{u) - h{u)g{\V h^u\h^) 



is the request: 



(EL\+oo). (KO) 



As we have already mentioned, the roles of / and h in the above condition 
are far from being specular. In particular, h has two opposite effects: on the 
one hand the explicit term e-l^o H^)^^ supports the non-integrability, hence the 
existence, on the other hand its presence in the expression for F(t) favours 
integrability. 

We observe that, under assumptions (fg)) and (I'&BI) . inequality implies 



that, if ^KO\i holds, then for every a G (0, 1] 



e L\+oo). (63) 



K-^{aF{t)) 

A particular case arises when h G i^(+oo). We are going to see that, indepen- 



dently of the sign of h, condition (|_ftrO[) and \KO\ are indeed equivalent: 



Proposition 6.1. Assume ([$]), ^F}, (l<I>3|) and suppose that h : R([ — > R is a 

continuous function such that h G L^{+oo). Then 

G L (-l-oo) if and only if G L (+00). 



K-^(F{t)) ' ' ' ' K-^im) 
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Proof. First of all we observe that, since 6 <2, 



with Ai > 1. Similarly F{t) < K2F{t) with A2 > 1. 
Thus, since is non-decreasing 



< / / N - (64) 



We now perform the change of variables t = sA^ . Thus 



^— ^<Ai/ ^— ^. (65) 

X-i(A^iF(s)) ■/ if-i(A^iF(Ait) 



Since Ai > 1, denoting with a{s) — f{s)e^'^ ^''■l^" '^(^'>'^^ we have 

/■Alt ft ft 

F{Ait)= / a(y)dy = Ai / a{Aix) dx > Aie'^^-'^''^^^^^^' / a{z)dz = AF{t) 
Jo Jo Jo 

for some constant < A < Ai. Hence A^^F{Ait) > aF{t), where a = AA^^ < 
1. Using (|64|. ([65|) . the monotonicity of and Lemma [3.41 fin particular 
inequality (HI])) we show that 



+°° ds ^ r+°° ds ^ 



K-^{Fis)) 



(^^^^^'^)) (66) 
+°° ds Ai f+°° ds 



< Al TT-T^^TT^ < 



K-^{aF{s)) - a J K-^{F{s))' 
Therefore, h G L^(]R+) and ([55)1 immediately imply that 

E L (+00) if and only if K~^{F{t)) ^ ^ 



i^-i(P(i) 



□ 



6.2 Construction of the supersolution and final steps 

Now we proceed with the construction of the supersolution; the idea follows the 
lines of Lemma |3.5[ but we briefly reproduce the main steps. 



Lemma 6.2. Assume the validity of ([$]), ([$3)) and of the Keller- 



Osserman assumption \KO\ . Fix < e < ry, < < • Then there exists 
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cr G (0, 1], Tcr > ti and a : [to, To-) — > [£,+cxd) satisfying 

'Ma'))' + ^^{a') < f{a) - h{a){ar^'{a'); 
a' > 0, Q!(t) t +00 as t ^ , 
<^{to) = £ and a{t) < i] on[tQ,ti]. 



(67) 



Proof. First of all we observe that, using (jJCO|) and (|63| we have that 

/ J r- ds t +00 as cr I 0"'". 

Je K-UcrF{s)j 

We thus fix (Tq G (0, 1] so that, for every a e (0, (Jq] 

f +°° e-^'o' ''■'■^^ 



Ta — to 



K- 



(aF{s)) 



ds > ti. 



(68) 



Implicitly define the C^-function a : [to,Ta) —> [£,+00) by setting 

n+oo h(x) dan 

T„-t= I ^ds. 



a{t) K 



-i(ai?(s)) 



(69) 



By construction, a(io) = e and a{t) — > +00 as < ^> . We differentiate (|69p a 
first time to obtain 

K-^(aF{a)) ^a'e^o'^ (70) 



so that a' > 0. Transforming the above into (TF{a differenti- 
ating once more and using the definition of F and K we arrive at 

J-/ \ (2~e) f"h I I 2 h I ( I f"h\ [ 1/ , / l\2,, N 

af(a)e^ ' ■>° a = a e ■>° Lp [a e->° I a + (a ) h[a) 
We use (f^3l) and a' > to deduce 

af{a) > Bif'{a')\a" + {a')^h{a) 

and thus 



^'{a')a" < ^f{a) - {a')' ip' {a')h{a) 



(71) 



Integrating ([7T|) on \to,t\ and using a' > 0, 1^9' > 0, ^\ and we obtain 



(^(a'(t)) < ^(a'(io)) + i.i/(a(t)) 



B 



(72) 
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Putting together ^ and 1^ and using ^ 



</(") 

From (iTOl 



B ' ' to /(a(io)) 



{a'fhia)ip'{a'). (73) 



Therefore, since Lp{t) — ;> as t ^ 0+, choosing a G (0, ctq] sufficiently small, ([75)) 
yields 

.^'(a')a" + (p{a ) < jjfia) ~ h{a){a ftp'{a ) 

on [tQ,Tcr). To prove that a{t) < rj on [tQ,ti] we observe that 

f"(*i) g/o" ''(a:) da; 



tl — to — To- — to + ti — To- — 



X-i(ctF(s)) 



Hence, since the integrand goes monotonically to +oo as a — 0+, we need to 
have a{ti) — J- £ as a — >■ 0+. Since a' > this proves the desired property. □ 

We are now ready to state the non-existence result for inequality (fT5)l . The 
proof is a minor modification of the one given for Theorem ll.il therefore we only 
sketch the main points referring to Section [3. 41 for definitions and notations. 

Theorem 6.3. LetipJ,h,g satisfy dH), (Q, Q, (HO]), (HH), and 
iKO \. Let u be a non-negative -solution of 

A^,„u>/(u)-/^H5(|Vh..u|^,„) on iJ™. (74) 

Then u = 0. 

Proof. First of all, note that it is sufficient to prove that u is equal to a constant 
c; indeed, by assumption dGj, = A^„c > /(c) — h{c)g{0) — f{c) and the 
conclusion follows from (|£l. Now we prove that a maximum principle holds 
for equation (jl8p on a domain i7; indeed, if we assume u{cf) — u* for some 
q G il, then there exists a neighbourhood Uq Q Vl such that, for every e > 0, 
5(|VH">u|jLf,„) < £ on Uq. This implies, up to choosing e sufficiently small, 
^H^u > f{u) - h{u*)e > on Uq. Then, by Theorem O w = w* on such 
neighbourhood, and thus the set {q G : u((7) = u*} is non-empty, open and 
closed in f2; therefore, u = u* in fl. 

Eventually, in order to prove the constancy of u, assume, by contradiction, 
that there exists qo G H"^ such that u{qo) < u*] then, by the maximum principle, 
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u < u* on iJ™. We now proceed as in the proof of Theorem 11.11 and define tq, 
7], q, r in the same way. Then, we construct the function v{q) — a{r{q)), with 
a as in Lemma 16.21 A calculation shows that 



t/jifi' \^a' {r)y^ja" (r) H (p{^a'{r)y^j 



< 



< 



< 



l+r 



D 



^'{a\r))a"{r) + ^ 



< 



l+T 



D 



D 



f{a) - h{a){a') ip'{a') 



< 



D, 



< f{a{r)) - -^h{a{r))g{a'{r)^) < f{v) ~ h{v)g{\^ uMn^)^ 

where in the last inequality we have used (iGj and we have chosen D in (|$2[) 
big enough to ensure D > D. 

If ^ lies in the connected component F^, using and |V_ff"'u(^)|^,„ = 

\S/ h^v{X)\h"' we obtain 

A^„u(0 > fiuiO) - h{u{£))g{\yH^.u{0\H,^) > (75) 
> f{v{0) - h{v{0)9{\VHM0\H^^) > KMO- (76) 



The rest of the proof is much the same. 



□ 



Remark 6.4. We note that the maximum principle is indeed unnecessary for 
the proof of the final steps in Theorems 11.11 and 16.31 If we assume that u is not 
constant, we can consider a point such that u{qa) < u* and, by continuity, 
a small radius Vo such that ulgB^giQa) < u*- Using the invariance property, we 
can consider go as the origin for the Koranyi distance, and proceed analogously 
to the end. 

As for Theorem 1 1.1[ we can state the Euclidean counterpart of Theorem l6.3l 
substituting assumption with the request 

git) < Dt^ip'it) on (0,+oo). (G) 

We have: 

Theorem 6.5. Let<f,f,h,g satisfy ©, (HqI, dHJ, (HSJ, and 

( KO ). Let u S C^{W^) he a non-negative solution of 



> f{u) - h{u)g{\\/u\) on R" 



(77) 



Then u = 0. 
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6.3 Another existence result for the p-Laplacian 

As a quick application of Lemma 16.11 and Theorem II. 3[ we can deduce that 



the modified Keller-Osserman condition (|/'CQ|) is optimal in the case of the p- 
Laplacian. 

Theorem 6.6. Let f,h,g satisfy jFJ, (O, ^2^1 and (US]) with r = 

0. Furthermore suppose that h £ L^(R+). Then, the following conditions are 
equivalent: 

i) there exists a non-negative, non-constant solution u G C^{H™) of inequal- 
ity A^,„M > f{u) - h{u)g{\VH"-u\jf„,); 

Proof. First, we deduce from the assumptions and from Lemma |6. II the equiv- 



alence between (jj-CO|) and (ji^O|) . We have already pointed out that the p- 
Laplacian satisfies (l$2|) for every 0<T<p— 1: as it can be checked, the choice 
of r = is the least stringent on (lG|. Furthermore, (j<i>0[) is authomatic. This 
shows that implication i) =4> ii) is an immediate application of Theorem 16.31 
Regarding the other one, set l{t) = 1 and apply the existence part of Theorem 
11.31 (note that all the assumptions are satisfied) , to get a solution of 

K^u > f{u). 

Since the RHS is trivially greater than f{u) — h{u)g{\V H"^u\fjrn) we have the 
desired conclusion. 

□ 
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